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The hypersonic flow past a wing profile subjected to lift is considered, Effects of
viscosity anf thermal conductivity in the region of flow outside the trail are neg-
lected, An analogy is formulated which makes it possible to determine the velo-
city field by solving the problem of "directional” explosion in which not only en=
ergy but, also, momentum are imparted to gas, Motion within the viscous trail is
specified by two terms of the asymptotic expansion of the solution of Navier-Stokes
equations,

1, The outer region, Let us consider the hypersonic flow past a wing of infi-
nite span, We denote the density of gas in the oncoming stream by p., and by »_ its
velocity in the direction of the x-axis of the Cartesian system of coordinates Zy. We
assume that upstream of the bow shock wave shown in Fig, 1 the pressure p,, = ( and,
consequently, the Mach number M, = oo. The gas is assumed to be perfect,i, e, to
conform to the equation of state for such gas (the Clapeyron law) and that both specific
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heats ¢, and ¢, are constant, For simplicity we assume that the dependence of the coef-
ficients of viscosity 7. and thermal conductivity £ on specific enthalpy is linear: A =
how and k = k,w. In the following analysis it is expedient to specify both the inde-
pendent variables and the unknown functions in dimensionless form, taking P, v and
L, as the fundamental units of reference,

At some distance from the body the shape of the shock wave ¥, (x) is primarily de-
termined by wave drag, while its inner structure depends on dissipative processes taking
place in the medium, For a gas with A = & = 0 an analogy was formulated in [1—4]
in which the unsteady motion in a space with the number of measurements reduced by
one simulates a hypersonic stream, With the use of that analogy it is possible to deter~
mine the velocity field associated with the drag of a body on the basis of the solution
of the problem of a strong explosion [5 — 9], The law established by Sedov [10, 11] for
whe propagation of explosion waves when applied to hypersonic flows states that ¥y ~
%, It follows from this that for x — oo the asymptotic expansion for the transverse
coordinate of a compression shock may be written as

yp = (ba) (£ 1 -+ bpz=2mlst ., ) (1.1)

where constant by, and exponent 7 are to be determined from the condition that lift /),
must be independent of the choice of reference planes at £ = const which are used
for computing the component of momentum of gas passing along the ¥ -axis through
these up~ and downstream of the body, The positive and negative signs of the first term
in parentheses relate to the upper and lower half-planes, respectively,

We denote the stream function by . Solution of the problem of a strong explosion
necessitates the introduction of the self-similar combination

n =1 (bz) ™ (1.2)
as one of the independent variables,

Let us denote by v, and v, the projections of the velocity vector on the 2 - and 4 -axes,
respectively,set % = c, / ¢, ,and seek the expansion for the parameters of gas in the
form S e e
V=55 f\j} (s () - b 3™ B0y () + ... (1.9)

4 b2 ‘." 3

Yy = ST (7} [oyrn () + b= 20y () + .. ]

%41 \ 3
0=z il (00 () 1 by 2™ Bpya () +. - 1]

E}x —

9 .2
8 f(ll,

P= m\d—,} 11{}11 (ﬂ) '%’ bmx am 3P1‘z (q) ’?' .- 1
Bu [ s (1

w o= Wcﬁi)" (‘1‘/ (w11 (M) 1= b2 Bw g () + .. ]

¥ o= (b2) Ly () A+ by ™" e () 1 ]

Let us consider the initial data which are to be satisfied by the first and second appro-
ximation functions, It was shown by Sychev [12] that a strongshock wave at M = 20
has a boundary at its front, The derivatives of parameters of a viscous heat-conducting
gas passing through that boundary become discontinuous, According to [13, 14]it is
possible to specify the discontinuity line of derivatives by formula (1,1) and obtain the
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solution of the Navier-Stokes equations which define the inner structure of a compression
shock, At a reasonably great distance from the boundary separating the latter from the
oncoming stream the principal part of the solution yields initial values of functions(1,3).
The latter can, thus, be used for determining the velocity field in the region adjacent to
the shock wave smoothed by viscosity and thermal conductivity, It will be readily seen
that the injtial data which follow from the Hugoniot conditions at the front of a strong
discontinuity in a perfect gas are also valid for functions ¢y, . . ., y;, . Moreover, if
in formula (1,1) the exponent m <C %/,, the initial data for functions .5, - . ., Y1z
are exactly the same as those following from Hugoniot's formulas,

We draw the reference planes normal to the direction of the oncoming stream, one up-
the other downstream of the body at distance z (Fig, 1), To derive the expression for
lift ¥, we calculate the component of the momentum of gas passing through these planes
and projected on the y-axis, We have .

F,= — S—G(i—“b‘ BB @, B = 4 vy, () dn (1.4)
0
By setting m = 1/2’ we eliminate in the last formula the x -coordinate, The above
reasoning obviously implies that for

* m = %/, it is immaterial for the deri-
P 7 vation of initial values of unknown func-
Voo e tions whether the discontinuity line of
. y/4 gas parameter derivatives, which bounds
= ? the diffused compression shock, is speci-
\ —_— fied by equality (1,1) or by the simple
N shock front with Hugoniot's conditions
7 at it,
i ‘ Let us now turn to the Navier-Stokes
Lo : —— equations, Denoting the Prandtl num-~
ber by N pr and using Mieses' variables
Fig, 1 these equations are of the form
) 4 Ovg v
x%;‘t"’rap Py g{; = (aax O 3¢ 3‘l [w/.j O Pl’y?m—f‘— (1.9)

dvy ) dzr BLU , Oﬂ
Fooe )] ongg [ on T o )
a J 1 2 dvy 2 v,
xalxufpx = pve g [ /5( *if"?’eﬁ—?pv“&f)]'*
a \ vy Ovy dvy'
(5“9”"5@/{ <p‘o_w‘“a kil
ow op 1 (6 fdw = Ow ]
PV 3 Ux% = J\_';r{\b_x — Uy == aw [ZL’ Ply '(m } T

aw\)| 100 dox\2 [ @
e g (e G} w0 {2 [[52 = 0w G )4 fom G ]

\:z__:u_-,,,_\

0vy vy vyt 2 2 (61’x dvy . Oyt 2
(pya¢+ pvyd‘w —j‘ﬁ’—pvya—u{,’f!’bxw)
oy dy w—1
Py 81p 1’ Uxé; = Uy, R pw
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Substituting expansions (1, 3) into the Navier-Stokes equations, we obtain two systems of
ordinary differential equations, The nonlinear system of the first approximation yields
the solution of the problem of strong explosion, whose closed form was given by Sedov
[10, 11], The system of the second approximation

1 . \
Voo — 2% P12 pupe 1,6
x12 7 [ vitVy12 + % (—p“ e (1.6)
dpiz dv!/l‘l Pripia ,
an gy T Vi Pio— ™ TR 20"y
dyiz dyn diye 1 2
P g = — Py Mgy = T — Py (BT

o P12 = P1aiWrs + W11P12
is linear,

It is immediately seen that this system is independent of terms related to viscosity and
thermal conductivity which appear in Egs, (1, 5) in the case of a real medium, Thus the
perturbation field structure in the external region bounded upstream by the shock wave
front is in the first and second approximation independent of dissipative effects, We may
also note that the first of Eqs, (1, 6) stands out from the others in that it is used for find~-
ing v, after functions v,5,, . . ., o have been determined, The latter satisfy the
system of equations which arisesin the investigation of the second approximation in the
theory of one-dimensional nonstationary motions, This implies that within the specified
accuracy the perturbation field outside the trail can be constructed by using the princi-
ple of equivalence [1 — 4] according to which stream parameters in any plane r =const
can be determined independently of the values of its parameters in other planes.

Equations (1.6) must be integrated from points n -= -+ 1, where
b—mn 2—x% — 3
Uxm:i—-%——_%_i, Uym:—m, 912:4‘%7‘141
2 —n 5—x 2
P12~ﬂ:u+1, Wy = =7 Y2 = 5o
respectively, '

2, Analogy with directional explosion, With allowance for initial data

the second of Egs, (1, 6) yields
Y P12 = MN¥y1e (2.1)

In the theory of one-dimensional nonstationary motiontime f represents the x -coordinate,
the quantity .
E=y ()™ =y () + b, 7y (M) + . ..

is taken as the self-similar combination instead of (1,2), and the expansion of expressions
for velocity, density, and pressure are of the form

—3—(7{;—1) (?} T @) A+ bt ) ] (2.2)
o=t g @) bt e, (B .

P= Tt () @+ bl R, @+

It is shown in [15] that variation functions are of the form of integral

v =
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B (g + fo) — g [4f8ha + 2Pgu + (e — D] =0 (2.9)

which conforms to the Hugoniot conditions for a strong shock front, Let us reduce formu-
la (2.1) to the form (2, 3). To do this, we first of all establish the expression for the in-
crement of the transverse coordinate yqo. Using the relationship

dyn ®-—1 1

dn T %+1pn
between functions of the first approximation and of the fourth and fifth of Eqs, (1, 6), we
obtain 1 prz
Y12 = 54 [4vy1s — 2 (“—‘1)7]‘9“11‘2“] (2.4)
Comparison of expansions (1, 3) and (2,2) yields

d dg dh
Uy, = f1, + ymgé v P=gu,theg, Pu= hy, + Y12 X
Substituting into these the expression (2, 4) for y,,, we derive two equations which deter-
mine v,,, and Py,. By solving the obtained equations with allowance for | == py;* /py;=
%/ b, we obtain solutions
¢ vy = (1 + o ) o L YO,
vﬂ—ﬁ %+ 1dE] /Y /—{—ig 2 dE &%
_ 4 dg. 4 df
C12 “%+1d_af‘.z+< K—i—id&)
We now readily find expressions for pressure increments

4 dh 1 1
p12: T id&f‘z+?’—{—1 g (f %_-; g)dgg‘ +h‘fs

We substitute the derived expressions for functions vy, and p,, into formula (2,1},
Simple transformations show that the latter is a different form of integral (2, 3), An im=
portant qualitative conclusion follows from this, As shown in [15], integral (2, 3) exists
only when the expression for the momentum of the medium in the perturbed region con-
tains a term indevendent of time, In relation to the considered problem this means that
not only energy, but also momentum is impar=

i / ted to the gas by the explosion, In every plane
J 25 / 7 Z== const parameters of a hypersonic flow
/{ ! around a wing are the same as those of an ex-
Iz / plosion wave whose propagation is accompanied
by momentum transfer along the y~axis,

Formula (2, 1) makes it possible to derive a
first order differential equation for function
V412 and obtain its solution in quadratures
which, owing to its unwieldiness, is not presented
here, Integration of the equation for v,;, by
numerical methods is much more convenient,
The behavior of functions v,;,, Py, and pye
is shown in Fig, 2

The asymptotics of the first approximation
function for v — -4 O is known from the
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solution of the problem of a strong explosion

H-li/x 15 -1/x %=1}, %
U"nhx—%ik" b I+, V:m::i’ghol‘ [
O3y = hl}‘x‘ Tll 1/% ,J(_ vy P == h() + coey Wyy = h((;twl)/"K; nrl/x+

-1/% x-1}/ 9
Yy =+ Rt !TH( 1)'“%—..., hoz—é—(x.{-i)k?

x+1

Coefficients k, can be found in Sedov’s monograph [16], Second approximarion func-
tions for 1 —- 0 are defined by asymptotic formulas

s — (-1} ~{2

LDSI?“’“i“x Qihx x }(2m}/2x+ . (2. 5)
2 (= Ry {9 ¢

Uye = ~— xi?.—x; nnllx!h‘ @ K)'QK'{‘ e

2 ) 2wt o ) 2
o= F o hy “[ [ Pm-"%*ig “ko‘ [z,

N .2 | =(24%) !
?112:::7_1:';2-}10 yf"'” K)QK_JY_...
- 4(n—1) Uk | () 2x
Yip == g Y p——y RoL* | emaiee 1

3, The laminar trail, In the vortex trail region it is no longer possible to
neglect viscosity and thermal conductivity, Dissipative effects play a major part in that
region, Sychev, who had compared the relative magnitude of convective terms and terms
affected by heat transfer in the Navier-Stokes equations [17],came to the conculsion that the
analysis of the trail of (1, 2) necessitates the introduction of the new self-similar variable

C == 'Llr) (bx)“":'a oo ’]’]z”! (3.1)
Expansions for gas parameters are of the form
8 - .
vy = 1 5 R 1))b ah(K 1)/% (3 4x)/ 8% [vxﬂ (C) + Eb‘_}x‘t‘/ﬂv;ﬂz (C) + . (3‘ 2)
2 EY Tl S -3}/ 4 ‘-"'1 s 7
vy = mb bt TR 6 i}f’yzx ©— ;—-E—';—-—-«)—%b; T 0000 (L) 4. . J

“ ~§-1 1 s T 2 "
o= / i Ry a7t {pm () — 5 bz upgy (§) + . . ]

pt:&)(x—%l)b kOT p21(€}+"’1

8x

4 (R-1) % _{3—4%), 6 2 1
mb }lf) b .2’.'(3 )8 [w.n (g) + ——— b!l'z.'l:ﬂ'“w?.z (C) + . .]

“ 2,y -] K ® 4 —~ 1 3 |
g = g [y (O~ -gg--;—b TR

W ==

Only one term is retained in the formula for pressure, since the correction to p,, is of
the order of xx-1j2% & x~Ye when x —> 0.

Let us assume that formulas {1, 3) and (3, 2) specify expansions for the outer and inner
regions, respectively, Matching of these two expansions is based on the existence of a
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region where they overlap [18, 19], This provides the boundary conditions which must
be satisfied by the unknown functions for | { | — oo , The subsequent analysis requires
not only knowledge of the boundary conditions, but also a correct estimate of the usually
neglected remainder terms, Formulas (1, 3) are insufficient for establishing the form of
the latter, and terms of higher order of smallness than those so far considered must be
added to the right-hand sides of these formulas, We omit, for brevity, all computations
and present only the final results for the first approximation functions, For { — - oo
we have

Ve = [ L OG5, gy [ oy (D)
P — LM+ O (L], pu—1

wa = [ O (LT, ya— 5 o)
Boundary conditions for { —> = 00 for second approximation functions, derived in the
same marnner, are

Vapg = | ST O (L™, v |70 £ O (L7
pre = = [T [F70 O (1 *0 ) .4

W —> i I C I—(‘z+u)/2x + 0 (l ?; l—(2+5"4), ‘:x)’ Yoo —> ‘ C l—(z—x), 2% + O (l ; l—\zwsx) M)

Let us substitute expansions (3,2) into the Navier-Stokes system of equations, Since
the second of Egs, (1, 5) implies that dp,, / d§ = 0 it is obvious that pressure across
the hypersonic trail does not vary in the considered approximation, Allowing for bound-
ary condition (3, 3), we obtain p,, == 1. Taking this equality into account, after some
simple transformations, we can write the system of first approximation equations thus

16% h d?® “Ur L duy , l_ w .
I 1) Ow pr gz T odr T TR (3.9)
16% Va1 Vet dn —3 Ax—1) ,
3()‘2 — 1) h’O dgz + g dc + VUyo1 = _%—— Wyy
; dya1 n—1 dz/rn % + 3 4
PaWay = 1, pzl—d%‘:‘r, L—r Y1 -F;Uyn:()

In this system the first equation is the key one, since after its integration it is possible
to find solutions of the remaining equations, If Np, = 1 and v, = Wy, the results
are considerably simplified [17], For any arbitrary Prandtl number we substitute the

independent variable

3 —1) Np, 9 (3.6)
bLi=——55— 775 ’
the result of which is - )
d wq diar 1
I FIRD +( §1) xwfn:o

which is the canonical form of the so-called conﬂuem hypergeometric equation [20],
Using the conventional notation for such functions, for their general solution we have

1 1, . Yoo Iuk13
wey = ;D (27, R 51) + e (—=8) D ( PR Cl)
Turning now to formulas (3, 1) and (3, 6), we note that the first term in the right-hand
side of the latter represents a solution symmetric about the streamline ¢ -= 0, while
the second term provides an antisymmetric solution, The first approximation considered
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here defines the perturbation field in the trail associated only with the drag of the body
in the stream, For such field the distribution of gas parameters in the upper and lower
half-planes must, evidently, be symmetric, This implies that constant ¢, == U, which
is confirmed by the form of boundary conditions (3,3), For the determination of con=-
stant ¢, we use the asymptotic expansion of hypergeometric functions for {; — — oo.
Finally we obtain Vo gL
¥ 1) x!/i\()(/“-—l) 1Pr J() 1 i-“\ 3.7

1“I< &)1 d}{ 32 o I 2702’51) .M

We pass to the second equation of system (3, 5), Substituting the independent varia-
ble {, = {y / Npy, asthe result we obtain the confluent hypergeometric equation

Pro 1 dvgy,  4x—3 2 (% — 1
2 -+ (_ — bz) X2l 4K 9 U ooy o2 — {n )wn (3.8)

‘:;2 dC‘z"' 2 di" P “x21 T %

As the fundamental system of solutions of the homogeneous equation corresponding to
(3. 8) we select the integrals
. e T/ 1Y gy /3~ 22 3k—1) 1
) b —— gl —_ 1 ——— —— —_
o v, = e [0 (F) 1 (A o (- 2D, 5 —n) @

¥ At

{4 2 ()

=

The plus and minus signs in the right-hand side of (3, 9) relate to {3, and {3, , respec-

tively, It is convenient to consider integrals z~“)1 and 1‘@1 in the plane of the complex

variable z == — {, - iw. In that plane the motion along the straight line . = const

from the upper to the lower boundary of the vortex trail is accomplished by going around
the positive real semiaxis in the direction shown in Fig,

7‘ 3 by arrows, The linear combination of confluent hyper=~
@ z geometric functions contained in 1) may be written
ey in the form of function [20]
vz
2 3 ( x—1) l . Z)
Fig, 3 W20

It will be seen that the linear combination of hypergeometric functions which define
Y, reduces to the same Tricomi ¥ -function, if for its argument z we substitute z°,
where |z’ | = |z | and argz’ = arg z — 2m.

The Wronskian Wy, of the selected fundamental system of solutions is specified by

formula a_ 0n:

t n/3=2¢\ /30— pafl e elagts e g (27)

—2—1 { o )I <_T)I 5 Wop == — ebz7'z == g% (2}
and the particular solution 2,5, of the nonhomogeneous equation (3, 8) is

2 —1) / ! o oY)
— | 21 A21 g
Ux;; “ \\U.(m‘lz)ls g,n’ dC2 131 QZI’V‘.),L dCZ) (3. 10)
0

It is now obvious that
= e .
Uxay = C3¥xgy + 04%21 + 2x21
It remains to determine the arbitrary constants cy and ¢,. If initially { — -+ oo,

then argz = 0 and arg z7 = —2m. To determine the principal terms of the expan-
sion of integral v'Y, we use the asymptotics of the ¥ -function [20], The asymptotic
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behavior of v‘” is established by substituting asymptotic expansions for confluent hyper=~
geometric funcnons into formula (3, 9). These results can be used for proving that the
principal term of the asymptotic expansion of the particular solution v:m corresponds
exactly to conditions (3, 3), Taking into account the order of correction terms appear=-
ing in these conditions, we obtain —
2(n—1) TV e o ()

) e % (3.11)

€y =
0
where the small angled line over the improper divergent integral denotes its finite part
in accordance with Hadamard's definition, The reasoning in the case of { - — o0,
arg z = 2n and arg z’ = 0 is similar, The behavior of integral pl, is determined
by substituting asymptotic expansions for hypergeometnc functions into formula (3, 9),
while the principal terms of the expansion of Vi1 are determined by the asymptotics of
the W-function, As the result we have

I
2(4_1) J u):v (z’)

€3 = — §~_W~:1 T3]

dt, (3.12)

0

Arguments of the complex variables z and 2z’ in formulas (3,11) and (3, 12) are zero,
This with the properties of the Wronskian IW,; taken into account implies that ¢ == ¢;.
Although both fundamental solutions v\y, and »\%, contain symmetric and antisymmetric
parts, the particular solution vy, is symmetric, A simple test will show that for equal
constants ¢z and c, function v,,, defines a velocity field which is symmetric about the
streamline P = 0 ,

Let us pass to the fourth equation of system (3, 5), Taking into consideration the order
of correction terms in formulas (3, 3) or the requirement for the symmetry of solution in
the considered approximation, after its integration, we obtain

% — 1Y %(x_i)l\,) 1 3
( 2n )1 <~>[ 32x /m] Cq)(z_,;» 5 51> (3,13)

The fifth equation of system (3, 5) can be converted into a finite relationship, hence

® —-3 “ —1
Vya1 = =7 Yo —

Y =

Cwyy
where functions u',, and y,, are defined by equalities (3, 7) and (3, 13), respectively.

4, The second approximation, Let usinvestigate the effect of the applica-
tion to the body of a lift force on the structure of the vortex trail in a hypersonic stream,
First, let us determine the projection on the y<~axis of the momentum component of gas
transmitted through that part of the plane 2 == const which contains the vortex trail
(Fig. 1), By setting & — oo and using expansion (3,2) we can readjly show that the
integral defining that component is insignificantly small, In other words, lift can be de-
termined only by the parameters of the outer flow region, Calculations show that con-
stant B in formulas (1,4) is equal 0,683,

Although the transfer of momentum of gas via the vortex trail can be neglected in the
calculation of lift, the determination of associated perturbations of the velocity field
requires that second terms in the right<hand sidesof expansions (3, 2) are taken into



86 0.8.Ryzhov and E.D.Terent'ev

account, The latter satisfy the system of ordinary differential equations

16x 1 d2iwoe diwsy -2
[ Inda . o
SE—1) h"\yh. ar I T o e = (4.1)
A0 e, v, we Ce )
S {nt— 1) dge i dz, e % Craz = Y g
o 2x—1 dyar | it
O2oWay — UaaDay = (), gl e A ET .;11] = ()
difas ® -6 4
CW — e Yo - vl 0

whose structure is analogous to that of system (3, 5), It follows from Egs, (4,1) that in
the considered approximation the hypothesis of plane sections is satisfied, In this case
the key equation is again the first one which by the introduction of the independent vari-
able by formula (3, 6) reduces to the form

o P /1 LY dwsy -y 2 e —0)
P S ' I

To satisfy boundary conditions (3,4) it is necessary to choose the antisymmetric solu-

tion .
N

o I —2 ! 3\ ——1) Yo,
o = U [ 1 <)/[*s—u—T

o

l 3« 2) 4z

Perturbations of specific enthalpy resulting from this solution change their sign at inter=
section with the streamline 1 == (. The introduction of the independent variable ,
into the second equation of system (4, 1) reduces it to

1

, v, /1 r
=2 a5 i \\2 — &2

y do O —— 6 —
Cazy W6 2D (4.9)
d&y Ax ve= % ==

As the fundamental systemn of solutions of the corresponding homogeneous equation (4, 3)

we take the integrals G
¥

o {1‘ (é) | .w./; ts\) D (_ et iT _ ;/ - (4.4)

P
o \ e
o Te—6 ; w—b6 3 \
1i—7ﬂ<-——ﬁkﬂﬁww— Kz ,"7~@ﬂ

- )
\ 4 2

where the plus and minus signs relate to Ay and o3, respectively, In the plane of the
complex variable z the first of these, 1{12‘2 ‘is defined by the Tricomi function

‘F( T—6 1

\ w2 7

The second integral can be reduced to the same ¥ -function by the substitution of argu-
ment 2z’ for z. The expression

/ "—?\ -9 7 v 1 e n—a
= Pt B v g Wy = — e = e

Y

is valid for the Wronsklan ng .

Let the particular solution vfg.l of the nonhomogeneous equation (4, 3) be derived in
accordance with the rule by which function v, is specified, It is then possible to apply
to it equality (3,10) in which subscripts 22 are substituted for 21, For the general solu-
tion we have the formula h (2) ¥
Uyae 77 C5UN22 7 Celvaz 71 Ux2

BRI
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Arbitrary constants ¢; and ¢, are determined by boundary conditions (3, 4) in which esti-
mates of correction terms play an important part, Setting [ — - oo, we establish the
principal terms of expansion y,, on the basis of the asymptotics of the Tricomi ¥ -func-
tion, and use formula (4, 4) for computing the integral 2), , For [ — — oo the beha~-
vior of .}, is determined by substituting asymptotics ot confluent hypergeometric func-
tions into formula (4, 4), while the principal terms of expansion of integral v are
determined by using its expression in terms of the Y -function,

We note that every point of the contour shown in Fig. 3 satisfies the equality
. 320 e [ 32 “h, 1"*
5 [3 1) hy i ToeE—

Substituting it into the right~hand side of formula (4, 2), we finally obtain

—

dc,

Cg == = 9"

2p:—1) ¢ el e
) j

RETSYE

20e—1) ¢ m( )fw() dr

0

where the arguments of the two complex variables z and 2’ are zero and, consequently,

€5 = ~— Cg.It can be shown that under this condition the velocity field perturbations

associated with function v, are antisymmetric with respect to the streamline ¢ = 0.
With allowance for boundary conditions (3, 4) integration of the fourth equation of

system (4, 1) yields

Bat ..z\ AR I Npp (3 ax 1oy | 4
4= — O - .
Y I{ 4 ;E V2 { 32 }m} I\»’m rgi b )

The fifth equation of that system yields

2y ¥ -6

RS 8 e 5 Yoo

where functions i,, and y,, are defined by equalities (4, 2) amd (4, 5).
Under the effect of lift the zero streamline is no longer the axis of symmetry of the
flow, whose equation, derived from the last of expansions (3, 2), is

- A — 1) - 3:«5~—2\ 1\ (302 —1) N pple-n)/ax
T f<1><z-x)1( ) U ( 7) [ 2] X (4.6)

2 — P 719
b ab‘.'eh’ﬂl x:l‘(m-ﬁ)‘,l_x + .

This shows that the displacement y, of the zero streamline from its initial position infi-
nitely increases with distance from the body, Comparison of formulas (1,4) and (4,6)
shows that the zero streamline deflects in the direction of lift /. This is not a trivial
conclusion and is explained by the previously noted possibility of neglecting the transfer
of momentum of gas through that part of the reference plane x = const which com-
prises the vortex trail,

6., Particular cases, The value x =3/, is particular for the first approxima-
tion solution which describes the trail flow, One of the linearly independent integrals of
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the related homogeneous equation (3, 8) may then be represented by the equality
Y — e (— L)'

Owing to exponential attenuation with { — = oo this equality is, obviously, the intrin~-
sic solution of the problem, A similar situation occurs when second approximation for-
mulas are analyzed for % = ¢/,. In that case we take the above eigenfunction vy, =
Vi, as one of the fundamental integrals of Eq, (4, 3) in which the right-hand side is
equated to zero, Thus for » — */, or %/, the velocity field within the vortex trail is
not uniquely defined by the method of matching outer and inner asymptotic expansions,
We note in conclusion that the value of exponent m — !/, which is determined by
the requirement for a finite 1ift, may in a certain sense be considered to be an eigen-
value, For instance, let a flow be specified which in the outer region satisfies expansions
(1.3), It is required to extend this flow to the neighborhood of the streamline ¢y —= 0.
It appears that at least in the range 0 <C m < 1 the velocity field pertains to the free
stream in the vortex trail only for m = !/, , while for any other m it is necessary to
introduce a half-body which extends to infinity, The results of the investigation of hyper-
sonic trail, presented above, are essentially based on the fact that in accordance with the
asymptotic formulas (2, 5) the pressure perturbation p,, — ( when I n|— 0, For
m == 1/2 the asymptotic expansion of function p,, commenses with a certain constant
whose magnitude for 1 — -+ O is not the same as that for 1 — — 0.
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IRREGULAR INTERACTION OF WEAK SHOCK WAVES OF DIFFERENT INTENSITIES
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The problem of irregular interaction of weak shock waves, which occurs in the ana-
lysis of interpenetration of two waves of different intensities at small interaction
angle [1, 2], is considered, It is not possible to solve this problem in linear confi-
guration when the region adjacent to the Mach wave front shrinks to a point, which
results in it becoming a nonlinear problem, Behavior of the solution throughout the
interaction region is analyzed by the method of matching asymptotic expansions
[3, 4]. The external problem is solved in linear formulation, A boundary value
problem for the system of nonlinear equations of short waves [5], which takes into
account the linking of its solution with the linear external problem and with solu-
tions in the neighborhood of reflected fronts at the inner region boundary, is formu-
lated for the inner region in the neighborhood of the Mach wave front, The effect
of the initial state parameters on the pattern of flow is investigated and an appro-
ximate solution of the problem is derived,

1, Let us consider the interaction of two plane shock waves in a stationary perfect
polytropic gas running off a wedge of angle « (Fig, 1,a), Let the waves meet at instant
oftime ¢ = O at point O and begin to interact, We select the system of coordinates
so that the Oz -axis lies along the wedge axis of symmetry, For weak shock waves of



